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From linear to nonlinear hypothesis classes



The trouble with linear hypothesis classes

T
Recall that we needed a hypothesis Az
function to map inputs in R™ to outputs
(class logits) in R*, so we initially used the
linear hypothesis class

ho(z) = 0T, H € R™*F

This classifier essentially forms & linear
functions of the input and then predicts
the class with the largest value: equivalent
to partitioning the input into & linear
regions corresponding to each class




What about nonlinear classification
boundaries?

What if we have data that cannot be
separated by a set of linear regions?

We want some way to separate these
points via a nonlinear set of class
bboundaries

One idea: apply a linear classifier to
some (potentially higher-dimensional)
features of the data

hy(z) = 0" ¢ ()
0 € R™* ¢:R™ — R?




How do we create features?

How can we create the feature function ¢?

1. Through manual engineering of features relevant to the problem (the “old”
way of doing machine learning)

2. In away that itself is learned from data (the “new” way of doing ML)

First take: what if we just again use a linear function for ¢?
$x) =Wz

Doesn’t work, because it is just equivalent to another linear classifier
ho(z) = 0T p(z) = 0T WTz = Oz



Nonlinear features

But what does work? ... essentially any nonlinear function of linear features
¢(z) = o(W'z)
where W € R™*¢, and 0:R% — R¢ is essentially any nonlinear function

Example: let W be a (fixed) matrix of random Gaussian samples, and let o be the
cosine function = “random Fourier features” (work great for many problems)

But maybe we want to train W to minimize loss as well? Or maybe we want to
compose multiple features together?
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Neural networks / deep learning

A neural network refers to a particular type of hypothesis class, consisting of
multiple, parameterized differentiable functions (a.k.a. “layers”) composed
together in any manner to form the output

The term stems from biological inspiration, but at this point, literally any hypothesis
function of the type above is referred to as a neural network

“Deep network” is just a synonym for “neural network,” and “deep learning” just
means “machine learning using a neural network hypothesis class” (let’s cease
pretending that there is any requirements on depth beyond “just not linear”)

« But it’s also true that modern neural networks involve composing together a
Jot of functions, so “deep” is typically an appropriate qualifier



The “two layer” neural network

We can begin with the simplest form of neural network,
basically just the nonlinear features proposed earlier, but
where both sets of weights are learnable parameters

hy(x) = W5 o(W/ z) — [ ]

0 = {W, € R4 W, € Réxk} Wy W
where o: R — R is a nonlinear function applied s . > hy
elementwise to the vector (e.g. sigmoid, RelL.U) -

Written in batch matrix form
he(X> — 0<XW1>W2
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Universal function approximation

Theorem (1D case): Given any smooth function f:IR — R, closed region D C
R, and € > 0, we can construct a one-hidden-layer neural network f such that

max|f(z) - f(z)| <e

Proof: Select some dense sampling of points (w@, f (:1;(27)) over D. Create a

neural network that passes exactly through these points (see next slide). Because
the neural network function is piecewise linear, and the function f is smooth, by

choosing the z* close enough together, we can approximate the function
arbitrarily closely.
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Universal function approximation

Assume one-hidden-layer ReLU network (w/ bias):

d
fz) =) +max{0,w;z +b,}

=1

Visual construction of approximating function.

3
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Fully-connected deep networks

W1 Ws
. —>ZL+1

A more generic form of a L-layer neural network —
a.k.a. "Multi-layer perceptron” (MLP), feedforward
network, fully-connected network — (in batch form)

Ziq1=0,ZW;),i=1,..,L

Z; =X,

ho(X) =211

[Zz E Rmxni, Wz E an anl]
with nonlinearities o,: R — R applied
elementwise, and parameters

0 — {W]_,...,WL}

(Can also optionally add bias term)
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Why deep networks?

) i ?

They work like Deep circuits are Empirically it seems like
the brain! provably more they work better for a
efficient! fixed parameter count!

... No they don’t!
... at representing ... Okay!
functions neural networks
cannot actually learn (e.g.
parity)!
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Backpropagation (i.e., computiing gradients)
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Neural networks in machine learning

Recall that neural networks just specify one of the “three” ingredients” of a
machine learning algorithm, also need:

» Loss function: still cross entropy loss, like last time
« Optimization procedure: still SGD, like last time

In other words, we still want to solve the optimization problem

1 & . .
. . . - E h ('L) (1/)
mlnlemlze miEZI ce( 9(33 ),y )

using SGD, just with hy(z) now being a neural network

Requires computing the gradients V£, (hy(z'?)),y?)) for each element of 6
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The gradient(s) of a two-layer network

Let’s work through the derivation of the gradients for a simple two-layer network,
written in batch matrix form, i.e.,

V{Wl JWo} gce (J(le >W27 y)

The gradient w.r.t. W5, looks identical to the softmax regression case:
aece (J(XWI )W27 y) — afce <J<XW1 )W27 y) . 80'<XW1 )W2
oW, 0o (XW )W, ow,,
= (S — Iy) : (O’(XW1>)
[S = normalize(exp (o (XW;)W,)]
so (matching sizes) the gradient is
VW2£ce <J(XW1>W2’ y) — U(XW1)T(S R Iy)
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The gradient(s) of a two-layer network

Deep breath and let’s do the gradient w.rt. Wj...
O (c(XW)Wy,y) 0L (c(XW)Wy,y) Oo(XW)W, Oo(XW;) OXW,
oW, T o (XW,)W,  8o(XW,) 0XW, oW,
= <S_Iy) - (Wy) - (U’(XW1>) - (X)

and so the gradient is
Vi, Lee(0(XW1)Wo,y) = XT (S — I)W5 oo’ (XW))

where o denotes elementwise multiplication

... having fun yet?
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Backpropagation “in general”

There is a method to this madness ... consider our fully-connected network:
Z_|_1 :O-,L(Z,LW,L), Z: ].,...,L

1

Then (now being a bit terse with notation)
(Zp1,y) 00 0Zp, aZL 1 0Z; i+2 0Z;

oW,  0Z,, 0Z, 0Z; , = 0Z;, 8W
A Z1115Y)
Gy =
o 0Z; 1

Then we have a simple "backward” iteration to compute the G;’s

0Z, 0o, (ZW,) 0Z,W, ,
anl 8(Z-W- ). 57 Gip1 -0 (Z;W;) - W,
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Computing the real gradients

To convert these quantities to “real” gradients, consider matrix sizes

. 8€<ZL—|—17 y)
Gi = 07,

=V l(Z111,y) ER™™

so with “real” matrix operations
Gi =G0 (Z;W;) - W; = (Gz’—H © U,(Zz'WQ)Wz'T

Similar formula for actual parameter gradients Vi, £(Z,41,y) € R

M(Zy.1,Y) oo, (ZW,) O0Z,W, ,
8];/121 =Gp1 ( ) ' =Gy 0" (ZW;) Z;

OLW, oW,
— VWi£<ZL+1,y) == ZT (G’H-l o O-/<Z’LWZ>>

(2
1
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Backpropagation: Forward and backward
passes

Putting it all together, we can efficiently compute all the gradients we need for a
neural network by following the procedure below

1. Initialize: Z; = X Forward pass
Iterate. ZZ-i—l :U’L<Z’LW’L>7 Z: 1,...,L

2. |n|t|al|ze GL+1 — VZL+1€<ZL+17y> — S - Iy

} Backward pass
Iterate. GZ == (G’I,—l-l OJ;<Z2WZ>)W,LT, i:L,...,l

And we can compute all the needed gradients along the way
VW/(ZkHay) =2z (Gi+1 © a':(ZzVVz))

“Backpropagation” is just chain rule + intelligent caching of intermediate results
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A closer look at these operations

What is really happening with the backward iteration?
H(Zp41,Y) _ % .82L+1 . 0Z; 9
oW, 0Z;,., 0Z; = 0Z,,
)

' Derivative of the

Gi 1 1th layer
Each layer needs to be able to multiply the “incoming backward” gradient G, , ; by

its derivatives, 88ZV’;;1, an operation called the “vector Jacobian product”

This process can be generalized to arbitrary computation graphs: this is exactly
the process of automatic differentiation we will discuss in then next lecture

22



